Lecture 21: Variance Reduction
Methods and Sensitivity Analysis

Today’s Topics

1. Bootstrapping

2. Variance reduction methods
3. Importance sampling

4. Sensitivity analysis



1. Bootstrapping

* How do we get estimates of the standard errors in
our estimators that don't have known distributions?
e.g., in our estimate for the variance.



2. Variance Reduction Methods

e used to increase the accuracy of the Monte Carlo
estimates that can be obtained for a given number of
iterations

o

* "tricks" to make our MCS more "statistically efficient

— more accuracy for a given number of samples, or
fewer samples to achieve a given level of accuracy

e variance reduction methods: importance sampling,
antithetic sampling, control variates, stratified
sampling



3. Importance Sampling

* a general technique for estimating properties of one
distribution while only having samples generated
from another (different) distribution



3.1 Importance sampling general idea

ol 7chAn/‘ a TCDV @j/?.”\a’/‘/\]j f’o/e,%;o 07/ one 0{3‘74/4&:74/9'#,
Dhile 0/}/; /14;/,;1] f@m//(.f jc’qe.r‘a/(y/ 7420/»’7 Qno%é’r‘ /ﬂ(«ﬁfe—f@n’/j

dl:f’(’/'él/z'ff' On
Con sider  random cvee'abl )/ P, /0//7/7 7/%&‘)
M E ELK] = [ ALl dx

Onotts expechpfin
Un ltr 74,

Choore 4 Paadoee Casally # o2 T

5 % 5}[2_7 = /[ :/2774/7() o x
R AP

fa (%)



3.1 Importance sampling general idea

7he /4,,):5[)‘(]: o Ay (%) dx
:/‘—_-ZZ(-Z #x 17%) I
L AR A = £ ] &
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3.1 Importance sampling general idea

Lo Aot
a0 - AfY]
F i

()

Sample X anolor 74/?) S anlp f anwr%fg /7()
eshmatys Vaoiage [ €SP aTor varian @ i
vary [X] gy
N N

£ JZOMQ ralues 07[ /Y /r:) our W)CS ﬁave A0 € /'/Vl/ac7/ ]
f‘&/a/ameﬁf bf/;y éshma yeo! /he/e/x) Tbn oTherS

/7/ ”//:’D/Ot’fo,/n/ i Va/(/z(j’ ave £MﬂAa.}/£eé/ %7 .f‘i/“'l///l/lj
Move )54701(’/17‘/7 / ﬁ")@/) ﬁj’/{m&r?‘pr Vo”’/,ﬂl/’?C& G é@ /Q@CZ&/

& ‘ . ) v/
o Ko a1 +o choose an agpeogeia® /é/'ﬂ.f/ﬂ 54':7&1'4147/94
7 : el L9
~2 7‘040[ chote Meons +e (C4n q(,e_c,\ea,,( N 7%/ SGan L & CCWQC‘9



3.2 Importance sampling for
probability estimation



3.2 Importance sampling for probability estimation
(

nhoduce  p A x) (@ /7ernatsve PAf

! ot
= C‘LW ”ﬂé/‘ﬂ'J/t;wj 0/€n51>§ i 740 )
> choose W l%K) S0 Fhat evead A ecCurs more
fefvten-//j
Then  P5 43~ 5[164)]=/.7/4) Lh)d x
v
exe cedh o
e ¥ T/_I A) £lx) wrix) ox
| bR
E, T(A) £%)
- ”/ o)
a/ra{r Laged o
Ao JAf ifﬁ‘) ‘fD couttr

W (x) (k)



3.2 Importance sampling for probability estimation
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3.3 How to pick the biasing distribution
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3.3 How to pick the biasing distribution

Franslahon . W)= £lxc), c>0 (b P(A> ot )

/\
4 ‘ > X

[®

g aas s a SN
= et X

{
|
i ]
o C




4. Sensitivity Analysis

* How do we use our MCS results to understand which
uncertain inputs are contributing the most to output
variability?

— Important to understand where we should focus
our uncertainty reduction efforts (improving
manufacturing tolerances, improving models,
installing sensors, etc.)

—> factor prioritization

— Important to understand where there may be
uncertainties but they are not important
— factor fixing



4a. Vary-all-but-one (VABO) MCS

1. Run a MCS with all inputs varying

2. Fixinput k to a deterministic value. Rerun the MCS
with all inputs except k varying.

3. Compare statistics of the output (e.g., variance of
Run #1 to variance of Run #2).

Questions:
e at what value should we fix factor k?

e would the results be different if we fixed factor k to a
different deterministic value?

* what about possible interactions among the inputs?



4b. Global Sensitivity Analysis

X

/ —-
k 2 /moo(e,/ /-——)Y
. ~
A renod 0w i renplom
[ npatS Oa ?7,,7[ :

W e#fccf 5("‘/75/‘5'(/1'75 /n;/!x 2 ‘f( = Vav-[y/ - an[y/,f:.)]
7[0’ /n/uﬂ[ 1 VOV'(}/)
/Q/A/Ii/b

=2 expeckd , Rduc fipa in oupul vozioge 1 Fhe Zdue valae of /(
/:S' /20/»'106/ /uel(ﬂcgfc.ﬁa'm O v A}Aaﬂ/ Fra7 Yue value Ml‘jéf Aé‘)

— /)’7651}:4/4‘ &f He e;@éa‘ 0/ Ua"ﬂ/y;j /‘{ a/one/ auero,jep/ ovVes—
yantahons 1 ohesp /'n/a’ff

16



4b. Global Sensitivity Analysis
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