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I. Tunneling and Pictures (25 POINTS)
(0. (0. ]
Region I Region V
Vi | B g
2 Region III
87}:1,(12 (9) T
b2 Region II Region IV
Smaz (DT
8:1(12 (1) 1T
0 %
—a/2 —a/4 0 a/4 a/2
V(x) =« x| > a2 Regions I and V
V(x)=0 ald < x| a2 Regions II and IV
hZ
V(x)=V, = {8 5 ]9 x| < a4 Region IIT
m

2

h_z} and the second level, E,

The energy of the lowest level, E, n = 1 is near E* = [
ma

h2

2
8ma

4,

n=2,is near E\” =[

A. (8 points) Sketch y,(x) and y,(x) on the figure above. In addition, specify
below the qualitatively most important features that your sketch
of 1y, (x) and y,(x) must display inside Region Il and at the borders
of Region III.
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B. (3 points)
C. (3 points)
D. (3 points)
E. (3 points)
F. (5 points)
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§ 40

X 1x=0

What do you know about 1,(0) an without solving for E,

and ¢;?
@ Is ¢,(0) =07

(i1) Does ,(0) have the same sign as y,(a/2)?

iy 15 D —o
dx x=0

g

X 1x=0

What do you know about 1,(0) an without solving for E,

and y,?
@ Is 4,(0) =07

Gy 1 ol o
dx x=0

In the table below, in the last column, place an X next to the
mathematical form of y;(x) in Region III .

Q) R

(ii) e—klx\

(ii1) sin kx or cos kx
(iv) e+ e

) o _ g

(vi) something else

Does the exact E; level lie above or below E”?

, larger or

E,-E}

For the exact E; level, is the energy difference,

smaller than |E, - E®|? Explain why.
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(Blank page for Calculations)
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II. Measurement Theory (10 POINTS)
Consider the Particle in an Infinite Box "superposition state" wavefunction,
Wi, = (113)2 4, + (213) P,

where E, is the eigen-energy of y, and E. is the eigen-energy of y,.

A. (5 points) Suppose you do one experiment to measure the energy of 1,2

Circle the possible result(s) of your measurement:
i  E
(i) E,
(iii)  (1/3)E,+ (213)E,
(iv)  something else.

B. (5 points) Suppose you do 100 identical measurements to measure the
energies of identical systems in state y, , What will you observe?
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III. Semiclassical Quantization (10 POINTS)
Consider the two potential energy functions:

\'A x| < a2, V,(x) =-|V,|
x| > al2, V,(x) =0

Vv, |x| <al4,V,(x) = —2|VO|
x| >al4, V,(x) =0

A. (5 points) The semi-classical quantization equation below

)

pe=[2m(E-V(x)]"

x,(E)
f pr(X)dx=n

x_(E)

describes the number of levels below E. Use this to compute the
number of levels with energy less than O for V, and V,.

B. (5 points) Viand V2have the same product of width times depth, V1is (a)lVol
and V2is (a/2)(2IVol), but Viand V2 have different numbers of
bound levels. Which has the larger fractional effect, increasing the
depth of the potential by X% or increasing the width of the potential
by X%??
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IV. Creation/Annihilation Operators (20 POINTS)
A. (2 points) Consider the integral
f (x) a’ aTaTaTaaalp(x) Jdx .
For what values of v — ' will the integral be non-zero (these are
called selection rules)?
B. (4points)  Letv' =4 and v be the value determined in part A to give a non-zero
integral. Calculate the value of the above integral (DO NOT
SIMPLIFY!).
C. (4 points) Now consider the integral

/\/\/\/\

flp(x)a&a aa'aa’y(x), dx

Are the selection rules for v' — v the same as in part A? Is the value
of the non-zero integral for v' = 4 the same as in part B? If not,
calculate the value of the integral (UNSIMPLIFIED!).
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D. (10 points) Derive the commutation rule [J\A/ ,51] starting from the definition of

A

N.
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V. (x),(p),0,,0,and Time Evolution
of a Superposition State

2,
X= Ll (a‘+a)
2 pw
172 —~
p= h”T“’] ila'-a)

A. (5 points) Show that ;3

1
—

h ](&2+c/ﬁ2+21\7+1).
2 pw

Page 11 of 16 pages

(35 POINTS)

B. (5 points) Derive a similar expression for p° . (Be sure to combine a'a and

aa’ terms into an integer times N plus another integer.
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. 12
C. (5points)  Evaluate o, and 0,. (Recall that o, = [<x2> —()?)2] ).

D. (5 points) Show, using your results for x> and p>, that

S .02
H = %+% — holN+172]. (The contributions from a* and a
M
exactly cancel.)

‘*Z)
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E. (5 points) For W(x, t = 0) = co\po + c1y1 + c2yr2, write the time-dependent
wavefunction, W(x,?).

F. (5 points) Assume that ¢y, c1, and ¢; are real. Evaluate (%), and show that {x),
oscillates at angular frequency w. [HINT: 2cosO=¢" +¢™ ]

—~

G. (5 points) Evaluate <x2 >t . Show that <x2 >t includes a contribution that
oscillates at an angular frequency of 2w.
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Some Possibly Useful Constants and Formulas

h=663x10%]"5s /=1054%x 107 s
g, =8854x10"* Cs’kg™'m™

c=3.00 x 10* m/s c=Av A=hlp
m,=9.11 x 10°" kg my=1.67 x 107 kg
1eV=1.602x10"17 e=1.602x10"C
E=hv a4, =529x 10" m e*"” = cosf + isinf
V=l=RHLL—JJ “maeRH=Jﬁi—=m%6mcm4

A ”12 n§ 8e§h3c

Free particle:
nk
2m

E=

w(x) = Acos(kx)+Bsin(kx)

Particle in a box:

e ) 1/2

E = 2nZ:Eln2 I,U(Osxsa)=(—) sin(@) n=1,2,...
8ma a a
Harmonic oscillator:
E = (n + %)ha) [units of w are radians/s]
/4 | /4 1 /4

_| & —ax?/2 _ o y2_\ -ax?/2 _l|la 2 ) -ax?/2
%(x)_(ﬂ) e , wl(x)_\/a(n:) (Za x)e lpz(x)— 8(777) (4ax 2)6
2 mm . 2 1 . . .
X=, /— D=, f— p [units of w are radians/s]

h hmw
am_ (fé+if)) H oaat-l_atasl N=a'a

haw 2 2

27cd = [units of @ are cm™ ]
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Semi-Classical

A=h/p

Petassical®) = [2m(E — V(x))]"?
period: T = 1/v = 270/w

For a thin barrier of width € where € is very small, located at x,, and height V(x,):

Xo+€/2 s 2
HO = [ Wy o de =V ()l ()

nn n
Xo—€/2
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