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Select any two of the projects. You are advised but not required to
choose projects relevant to your research. You are advised but not
required to choose one from project 1-3 on reaction rate theory and
one from project 4-6 on chemical kinetics.

If you choose to work on more than two projects, please specify which
projects you wish to be graded on.

Complete the final exam independently without discussion with your
classmates. You are encouraged to use references and lecture notes.

Show all your steps, in a clear and orderly way. Justify your answers
in detail to ensure full credits.

Each project is 100 points, and the full score of the final exam is 200
points.
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Barrier crossing and Kramers’ turnover
Multi-dimensional transition state theory
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1 Barrier crossing and Kramers’ turnover

The simple transition state rate theory predicts exponential dependence on
the activation energy and linear dependence on the vibrational frequency
in the reactant well. However, TST is essentially is an equilibrium theory,
and does not account for solvent dynamic effects. The Kramers theory uses
the Fokker-Planck (FP) equation to describe the solvent effects on barrier
crossing, and successfully predicts the dependence on the friction coefficient
and a turnover in the reaction rate.

1.1

To help understand friction effects on chemical reactions, we first consider a
dissipative harmonic oscillator described by the Markovian Langevin equa-
tion (LE):

mi + myx + mw?r = f(t) (1)

where (f(¢)f(0)) = 2ymkgTd(t). Solve LE for the correlation function
C(t) = (z(t)z(0)) and discuss the under-damped limit, v < w, and the
over-damped limit, v > w. (You may neglect the critical damping case.)

1.2

Using the solution for the over-damped oscillator, show the equivalence be-
tween the Langevin equation and the 1-D Fokker—Planck (FP) equation or
the Smoluchowski equation:

OP(x,t) oo
———F =D
ot Ox [
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where F(z) is the force, F(z) = —dU(z)/dx = —mw?x.

1.3

We consider the 1-D potential U(x) and solve for the reaction rate using the
flux-over-population method. For the diffusive barrier crossing, we rewrite
the Smoluchowski equation as

OP(z,t)  9J(z,t)

ot ox (3)




where the flux is
OP(z,t)

J(z,t) = —D [ —

_ BF(2)P(x. tﬂ . ()

In the flux-over-population method, we set the flux constant, J(x,t) = J;,
and find the steady-state population_djstribution, P,(z). Following this set-
up, derive the steady-state population in the reactant well

B Js B oo )
ns :/ Py(x)dx = 5/ dmeﬁU(w)/ dz’ PV, (5)
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1.4

Next we approximate the 1-D potential as U(z) = Ug + 3mw§(z — zg)? at
the reactant well and as U(z) = Up — smw%(x — z5)* at the reaction barrier,
[see Question 2.2] and assume SE, = f(Ug — Ug) > 1. Derive the diffusive
limit of the reaction rate

Js  DPmwrwp g, _ (WB\ @R _gp, _
v ] 2m

krst. 6
N 2m rrsT (6)
Explain why the diffusive rate is always smaller than kpgr (i.e., a < 1).

kstrong =

1.5

In the weak damping limit, v < w, we can describe the under-damped motion
as energy diffusion

OP(E,1t) faf D _ W(E)a% {I(E) (P(E, t)+ @T%H M

where I(E) is the action and w(E) = dE/dI is the energy-dependent fre-
quency. Show the equivalence of this equation and the LE solution for the
under-damped harmonic oscillator in Eq. (1).

1.6

Following the same steps as in Question 1.3, use the flux-over-population
method to derive the steady-state population in the reactant well

Up BJ Up e BE Up e,BE’
Ng :/ dEP(E) = 5/ dFE / dE' . (8)
Ur Y Ju W(E) E I(E/)
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Hint. In this case an appropriate definition of flux is:

ﬂLw=~ﬂ@(P@WH%ﬂ@%%ﬁ)

so that we have
OP(E,t) _8J(],t)

ot oI (10)

1.7

Next we approximate the 1-D potential as F = Ugr + 0 E in the well region
and E = U+ dF in the barrier region and assume SE4 = (Ug — Ug) > 1.
Derive the weak-damping limit of the reaction rate

Js _
kweat = = YwrlpfBe PEA = akrsr (11)

and explain why the energy diffusive rate is always smaller than krgr (i.e.,
a<1).

1.8

When the dynamics are not diffusive, we need to consider the full Kramers
problem, which is equivalent to solving LE for barrier crossing. Kramers
solved this problem in 1940 and obtained the rate

A
kintermediate = _kTST = O5kTST7 (12>
wB

where ) is the effective barrier frequency solved from the quadratic equation
M+ Ay —wh =0. (13)

Confirm @ < 1 and that the rate is consistent with the MDTST rate.

1.9

The weak and strong damping limits correspond to spatial diffusion and
energy diffusion. Explain the different dependence on the friction coefficient
~ in these two limits and predict a turnover in behavior as a function of ~.

4



1.10

An easy interpolation between the two limits is

1 1 1
- = + (14)

k kweak kintermediate

Plot Kyeak, Estrong, Kintermdiate, and the above interpolated rate. Show the
reaction rate is always smaller than krgr and explain the turnover condition.
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2 Multi-dimensional Transition State Theory

Condensed phase chemical reactions are strongly influenced by the cou-
pling of the reaction coordinate to the solvent dynamics. This dynamics
effect can be captured using the multi-dimensional transition state theory
(MDTST). The starting point of MDTST is Zwanzig’s Gaussian bath Hamil-
tonian (GBH), which describes the solvent effect with deterministic multi-
dimensional equations of motion. The Pollack paper employs this explicit
description to derive the MDTST rate and recover the Grote-Hynes rate ex-
pression, a generalization of the Kramers rate from the Markovian limit to
non-Markovian limit.

2.1

In class, we derived the transition state theory from response theory, giving,

. («9(1)35)?}365(1’3 - :E))
WS = T G ap — )

(15)

where xp is the barrier top. Explain when this rate expression is valid and
show that the true rate is always lower than the TST rate, i.e.,

ktrue < kTST' <16)

2.2

The 1-D reaction potential can be expanded as U(z) = Ug + smw$(z — zg)?

near the reactant well and as U(z) = Up — imw}(z —x)? around the barrier

top. Use the above potential form to derive the standard TST rate,

k= ——e PP 17
5 (17)
where £, = Up — Up is the activation energy. FExplain the assumptions

involved in deriving the above expression.



2.3

Let’s generalize the above discussion to an (N +1)-dimensional system defined
by the Hamiltonian

H:Zmi—i—f—U(fL'[),ZEl,"',fL‘N), (18)

where U is the multi-dimensional potential surface. We introduce the reac-
tion coordinate as y = c¢;x;, which is the linear combination of the N + 1
coordinates. Derive the following generalization of Eq. (15)

(0(vy)v,0(y — yB)) _ f dv, f dyefﬁ(myvg/HW)@(vy)Uy5(y —yB)
(0(ys —v)) [ dv, [ dyePmvi/z+W)

where m,, is the effective mass of the reaction coordinate. Here, yp is the
coordinate of the saddle point on the potential surface, and W (y) is the
potential of mean force,

e PV = <5 (y — i cixi> > : (20)

We now consider a quadratic expansion of the potential surface near the
reactant well as

k= (19)

2.4

N
1 1
U(z) = U + gmwp(z — wpo)° + 5 Zl mawh (€ — Tgi)’ (21)

and around the saddle point as

N
1 1
U((L’) = UB — Emw%(ac - 1330)2 + 5 Zzlmlw%l(x - «TBi>2 (22)
Use Eq. (19) to derive the rate
WR
k=——"e Pl 23
5 ¢ (23)

Here, F, = E, — TS, is the activation free energy, and S, is the activation
entropy.



2.5

To describe solvent effects explicitly, Zwanzig proposed the Gaussian bath

Hamiltonian (GBH):
¢ ?
2 2 (g + —— 24

where x is the system coordinate and ¢; are the bath coordinates. The har-
monic bath Hamiltonian yields dissipative dynamics described by the gener-
alized Langevin equation (GLE):

N
1 m;
H= 3N +U(x) + ;:1 5

mx—l—m/ (t—7)% dT—f—%:f(t), (25)

where () is the friction kernel and f(¢) is the noise. Derive the relationship
between GBH and GLE:

fy(t):lz L cos(wit). (26)

miw?

2.6

Let’s expand the one-dimensional system potential U(z) in quadratic form,
as in Question 2.2. Transform the N+1 coupled modes to normal modes, and
derive the MDTST rate,

)\RO H i\R'L —BEq (27>
. Bi

where \p; are a set of eigen-frequencies at the saddle point and A\g; are a set
of eigen-frequencies in the reactant well.

2.7

Prove the following identities:

2 2 2 242 2 _ 2 2
)‘BOH)‘BZ' _wBHwi)‘ROHARi —WRH%‘



2.8

Using the above two identifies, derive the MDTST rate as:
k=-———e "B = akrer, (28)
which is known as the Grote-Hynes rate. Here A = \p is the effective barrier
frequency which satisfies
N+ —wh =0 (29)
with 4 the Laplace transform of the memory kernel
1 c? z

()= 30 - (30)

miw? 22 + w?’

(2

Show o < 1 so that the MDTST rate is always smaller than the 1-D TST
rate.

2.9
For a Debye solvent, the friction kernel is given by
A(t) = et/ (31)
™D

with 7p the Debye relaxation time. Plot « as functions of 79 and 7p, respec-
tively, and discuss its various limits.
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3 Electron transfer and solvent dynamics

Electron transfer underlies many chemical processes, including photochem-
istry, solar energy conversion, electrochemistry, and molecular electronic de-
vices, and plays a key role in important biological functions such as photo-
synthesis and vision. Simply put, electron transfer (ET) is a transition of
electronic states, which changes the electronic charge distribution in a molec-
ular system and which is induced by solvent fluctuations and accompanied
by solvent reorganization. The basic physics of electron transfer is elucidated
by the celebrated Marcus theory, which has inspired numerous experimental
and theoretical studies.

3.1

The Marcus curves represent the free energy surfaces associated with the
1

two electronic states, i.e., Uy(z) = k(z + x0)* for the donor and Us,(x) =
%k(ac —x0)? for the acceptor. The coordinate represents the collective solvent
polarization that couples to electron transfer. The energetics is characterized
by two parameters, the free energy bias, A, and the solvent reorganization
energy, E,. Show that the activation energy is given by E, = (A + E,)?/4E,
and the vertical transition energy is given by F, = A + E,. Explain the
physical meanings of F,., F,, and E,. Why does the Marcus rate depend on

FE, instead of E, and E,?

3.2

The donor and acceptor states are coupled through the non-adiabatic cou-
pling constant J. Then, the overall Hamiltonian becomes

o J
H= [ f } (32)
In the weak coupling limit, we use the golden-rule rate,
27 J?
k= 72 (6(Uy — Us)), (33)

where the average is carried out over the equilibrium distribution of the
donor. Derive the Marcus ET rate expression:

27

oy — —
B h/ArksTE,
10

J2emPEa, (34)



Plot this rate as a function of the energy bias A, and discuss the inverted
regime.

3.3

The Marcus rate describes non-adiabatic electron transfer in the limit of weak
electronic coupling, J3 < 1. As J increases, the nature of electron transfer
changes. Diagonalize the ET Hamiltonian H at a fixed coordinate, write the
adiabatic potentials, and draw the adiabatic surfaces. Determine the critical
value of J when the barrier on the lower adiabatic surface disappears, and
explain the consequence.

3.4

One interesting application of Marcus theory is to calculate proton-coupled
electron transfer (PCET) rate. Here, we treat the solvent degree of freedom
classically and the proton degree quantum mechanically. Apply the Fermi’s
golden-rule expression to derive the PCET rate

27T‘Jlf’2 _ X
k =y PP 35
POET —h InhpsTE, (35)

where the subscripts ¢ and f refer to the proton state before and after elec-
tron transfer, respectively, E; and E; are the corresponding eigen-energies,
and J;y = (i|J|f) is the effective coupling constant. The activation energy
depends on the initial and final proton states as F,;; = (A;y + E,)*/4E,,

where Aif =A + Ef - Ei (35)

3.5

The Debye model is often used to describe dielectric relaxation of the sol-
vent, which is directly coupled to electron transfer. In general, the dielectric
response is given by

D(t) = e.£(t) + / en(t —1)E(T)dT (36)

—0o0

where ¢, is the electronic part of the dielectric response function and €, is
the nuclear part of the dielectric response function. In the Debye model,
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the nuclear part of response is exponential: €,(t) = e,e™¥™ /1p, with 7p
the Debye relaxation time. In electron transfer, the charge redistribution is
described by a sudden change in the electric displacement: D(t) = DO(t).
Derive the corresponding electric field induced by charge redistribution:

€s €e  Es

1 1 1
Et)y=—D+ (— — —) Det/™ (37)
where €5 = €, + €. and 77, is the longitudinal relaxation time, 7, = (e./€5)7p.

3.6

The Marcus rate, derived from the golden-rule expression, is essentially an
equilibrium theory, in the same spirit as TST. Non-adiabatic transitions occur
when solvent fluctuations bring the polarization to resonance, so the overall
rate of solvent-controlled electron transfer (SCET) is given by

KV =kp' + kp (38)

where kp is the solvent relaxation rate for ET and kgr is the electron transfer
rate. Justify the above rate expression, and discuss the limits of slow and
fast solvent relaxation.

3.7

To derive the SCET rate expression, we consider diffusion on the Marcus
curve with a sink at the transition state (i.e. the curve crossing point z.),
giving
P(z,t) = LP(z,t) — KP(x,t) (39)

where LP = DJ?P — 3D, (FP) is the diffusion operator defined on the
donor surface, and K = (27J?/h)d(x — z.) is the transfer operator defined at
the crossing point x.. Explain this equation, and show that the SCET rate
is given by the mean first passage time expression

1 o0 1

- = / Pa, t)dt = Tr{ K——CP‘“’] (40)

0

where P, e~ PU1(®) is the equilibrium distribution of the donor state.
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3.8

For the special case of symmetric ET (i.e., A = 0), solve the SCET equation
and derive the following expression

ko' = gy [ (6l t) = Pl (a1
where G(t) = e“45(x — z.).
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4 Single molecule kinetics and photon statistics

Advanced spectroscopic techniques allow us to measure dynamics and reac-
tions one molecule at a time, thus unraveling the static and dynamic disorder
often difficult to resolve in ensemble experiments. The basic single molecule
approach is fluorescence photon detection under constant illumination. Here
we discuss the basic theoretical description for single molecule kinetics with
application to photon emission sequences. Emphasis is placed on the distri-
bution function of single molecule events, the Poisson indicator, and Mandel’s
() parameter in photon statistics. For simplicity, we limit our discussion to
renewal processes, which have no correlation between single molecule events.

4.1

Consider a sequence of single molecule events (e.g., fluorescence photons)
detected at time ty, t9, .... The average moment of events in this sequence

(N'(t)) = <[/0t25(7 —ti)dT] > (42)

where the average is taken over stochastic realizations of the same single
molecule process. Explain this expression and use it to show,

t ot
(Vo) - o) = [ [ patri, mindn, (13)

0o Jo

where ps is the two-event density given by

pa(mi, ) = ) (S(m — )3(72 — 1) (44)

i#j
4.2

One important measurement in single molecule experiments is the waiting
time distribution function, f(¢) = (>, 6(t;—t;41—1)), which is the probability
distribution function of two adjacent events. Derive the expression for the
Laplace transform of f(t),

fio) = [emsmar =3 S, (45




where (') = [t f(t)dt is the moment of the waiting time. Show the
relationship between the first two moments

(%) = 2(r)? (46)

for a Poisson process with f(t) = ke *t.

4.3

For a stationary Markovian process, the average number density becomes

constant .

pi(t) =k = W (47)

and the two-event density becomes time invariant,

p2(ti,t2) = pa(ts — ta). (48)
Explain these results and prove the following relationship
pa(s) = k——=—, (49)
1= f(s)

where functions with s variables are Laplace transforms.

4.4

Instead of measuring the waiting time distribution function, we can also use
counting statistics to probe the underlying kinetics. One such a measure is
the Poisson indicator (i.e., the randomness parameter or Fano parameter),

given by (N2(t)) — (N(t))® — (N(t))
Qp(t) = (N(t)) '

Show that the Poisson indicator vanishes for a Poisson process and ap-
proaches a constant at long times.

(50)
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4.5

The long time limit of the Poisson indicator is known as Mandel’s () param-
eter: @y = lim;_,o, Qp(t). Combining the above equations, we have

B Yo ey W PN I N ) DO o B2
Q=2 [ 25 d_2£%[1_f 3] N

Derive this result step by step. With this expression, we can use the waiting
time distribution function to calculate counting statistics including Mandel’s
() parameter.

4.6

Consider a fluorescence emission process with excitation rate k; and fluores-
cence emission rate ky. Find the waiting time distribution function, f(¢), and
the first two moments (7) and (72). Use these moments to derive Mandel’s
() parameter.

4.7

Use the expression for f(¢) to obtain the photon density ps(t). Calculate
the Poisson indicator and the Mandel parameter. Verify the result for @, is
consistent with the moment calculation.

4.8

In addition to excitation and emission, we include the stimulated emission
with rate ky. Repeat the above calculation of the waiting distribution func-
tion, the first two moments, and Mandel’s () parameter.

4.9

Calculate the Poisson indicator, plot it as a function of time, and explain the
time-dependence, especially at short time and long time.
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5 Self-consistent kinetic pathway analysis

In class, we introduced the ‘pathway summation’ as an intuitive method to
calculate the evolution of probability in a discrete Markov chain. We will
now generalize the method to single-molecule reaction processes and predict
the first-passage time distribution function of enzymatic turnover reactions.
The basic idea is to calculate the joint probability of transitions along each
pathway leading to the product state and sum up the probabilities of all
possible pathways. The pathway summation method is intuitive and has
recently been applied to single molecule reactions, molecular motors, and
photon statistics.

5.1

A fundamental chemical reaction follows single exponential decay, Q(t) =
ke=*. where Q(t) is the probability distribution function (PDF) of decay.
Evaluate the m-th moment of the first passage time (t™) = [ Q(¢)t"™dt and
confirm

) = (1 ) (52)

s=0

where Q(s) = J,” et Q(t)dt is the Laplace transform and s is the Laplace
variable.

5.2

Consider a two-step sequential reaction, A; — Ay — As, with rate constants
k1o and ko3, respectively. (You may assume ki # kog.) The distribution of
the first passage time from A; to Az is

Qualt) = /0 Ouat — #)Qas(t) (53)

or, in Laplace space, ng(s) = @12(5)Q23(5). Write an explicit expression for
(13(t) and calculate the mean first passage time (t). Explain why the initial
value of the calculated Qq3(t) is zero, Q13(0) = 0.
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5.3

We now generalize the above argument to a chain reaction with multiple
steps, Ay = Ay--- — A,_1 — A,. The PDF of the first passage time reads

Ql,n(s) = Q12(5)Q23(s) - -~ Qn—l,n(s) (54)

where n is the final state. Use the above expression to obtain an expression
for the mean first passage time (t).

5.4

A sequence of chemical reactions can achieve remarkable timing, giving rise
to the notion of ‘biological clock.” To demonstrate this effect, consider a
sequence of n reactions with identical rate constant,

Calculate the distribution ()1 ,(t), mean first passage time (t), and the vari-

ance (6t%) = ((t — (t))?). Plot Q1,(¢) as a function of time for n = 1, 2, and
10, and explain the change in Q(t) as n increases.

9.9

Consider decay from state 0 to state 1 with rate kg; and to state 2 with rate
koa. We assign the transition PDF’s of the branching reaction as Qg (t) =
kore Mt and Qua(t) = kope ™! with kg = ko1 + koo the depletion rate from
state 0. Explain the above result and generalize it to decay from state 0 to
n different states.

5.6
The Michaelis-Menten mechanism of enzymatic reactions is given by
[S]+ [E] = [ES] = [E] + [P], (56)

which consists of three states: state 1, free substrate and enzyme; state 2,
substrate—enzyme complex; and state 3, product. With the constant sub-
strate concentration [S], the stationary-state population of state 2 can be
determined from

% = k1[E] — (k2 + k_1)[ES] = 0, (57)
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where k; = k}[S] is the substrate binding rate, k_; is the dissociation rate,
and k5 is the catalytic rate. For a single enzyme, its probability is conserved,
giving [E] + [ES] = 1. Derive the stationary-state population

ky
ES= - 58
5] ki +k_1 + ko (58)
and the Michaelis—Menten rate
S|k
karns = ko ES] = [s[]ﬁ (59)

with the Michaelis constant ky = (k_1 + ko) /K.

5.7

We now apply the pathway summation technique to the Michaelis—Menten
scheme in Eq. (56). Starting from state 1, a substrate [S]| binds with the
enzyme [FE] to form a substrate-enzyme complex [ES], i.e., state 2, which
can branch to form a product [P] or return to the state 1. Following the
pathway, we obtain the PDF of the turnover time by solving self-consistently

Q(s) = Q2(s)[Qas(s) + Q(s)Q21(s)], (60)

where the two terms in brackets represent the two decay channels from state
2. The solution to the self-consistent equation in Eq. (60) yields

Q(s) = Q12(5)Q23(5) ‘
1 — Q12(8)Q21(s)
Expand the denominator in the above expression, draw the pathway associ-

ated with each term in the expansion, and explain the self-consistent solution
in Eq. (61).

(61)

5.8

The PDF’s associated with the three reaction steps are specified by rate con-
stants as Qa(t) = kie ™t Qo1 (t) = k_je~*=17F2)t and Qos(t) = ke (k-1th2)t
with k; = k?[S]. Use Eq. (61) to derive the mean first passage time and con-
firm the Michaelis-Menten expression in Eq. (59), derived earlier using the
stationary-state approach.
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6 Nonlinear chemical kinetics

Single molecule experiments monitor one molecule at a time and is essen-
tially linear kinetics. A chemical reaction generally involves many reactive
components, and the concentration of each component changes with time.
This time-dependence is described by a set of coupled non-linear rate equa-
tions, which is usually not solvable but can be analyzed for its asymptotic
behavior. At long times, the concentration can reach a stationary solution,
which is either constant or oscillatory. The solution can be either stable or
unstable under external perturbations. The non-linear equations predict the
average concentration in the thermodynamic limit, whereas the probability
distribution of population evolution is described by master equations, which
are generally not solvable except for special cases where the generating func-
tion method is applicable. Often, we measure the average populations and
mean square fluctuations, which can be obtained approximately by expand-
ing master equations.

6.1

The stability of non-linear chemical kinetics can be determined by the Jaco-
bian matrix of its rate equations. Consider a two-component kinetics system:

&1 = k1 (21, x2) Ty = ka(x1, 22)

Write out the Jacobian matrix and solve for its eigen-values.

6.2

Use the above eigen-values to classify the different behaviors of the non-linear
kinetics around the steady-state solution.

6.3

One of the well-studied non-linear chemical reactions is the Schlégl model:



Find the equilibrium concentrations ce, x, Ceq,a, and ceq p, and establish the

detailed balance condition

R, = a4 (62)
Ceq,B

6.4

Let’s fix the concentrations ¢4 and cp at constant values but away from the
equilibrium values. Then the rate equation becomes

éx = kicack — kacy — kscx + kycp. (63)

Given the steady-state solution cg, x, find the corresponding Jacobian, and
use the Jacobian to discuss the stability of the steady-state solution of the
Schlégl model.

6.5

Consider a simple model for population dynamics. Let k, be the generation
influx which is independent of n and k4 the death rate linearly dependent
on n. The master equation for the population distribution function P(n,t)
reads

P(n,t) = ky[P(n — 1,t) — P(n,t)] + kg[(n + 1)P(n + 1,t) — nP(n,t)]. (64)

Solve for the average population (n) and the second moment (n?), and show
the population distribution is Poisson.

6.6

This simple model is one of the few examples that can be solved exactly. To
demonstrate this, we construct a generating function

F(z,t) =Y P(n,t)z". (65)

Derive the equation for F'(z,t)

OF(z,1)
ot

and solve it with the characteristic function method.

OF(z,t)

=ky(z — 1)F(z,t) + kq(1 — 2) P

23



6.7

Using the generating function, find the distribution function P(n,t) and show
the consistency with the first two moments obtained earlier. Here we assume
the initial population is at m, i.e., P(n,0) = d,m.

6.8

Now we generalize the simple model to the birth—death problem. In addition
to the population influx and population decay, we introduce a birth rate of
ky. Then, the master equation for the birth—death problem reads

P(n,t) =kyP(n—1,t) — P(n,t)] + kq[(n + 1)P(n + 1,t) — nP(n,t)]
+ky[(n — 1)P(n — 1,t) — nP(n,t)] (67)

Solve for the average population (n) and the second moment (n?), and discuss
their behavior in different regimes.

6.9

If the number of molecules are large, n > 1, we can approximately take n to
be a continuous variable, expand P(n + 1,t¢) around P(n,t), and obtain the
Fokker—Planck equation. Following this procedure, derive the Fokker—Planck
equation for the birth—death problem:

P(n,t) = —k, {8,1 — %82] P(n,t) + kq {&L + %82 }nP(n,t)

—h [an - %ag} nP(n, t). (68)

6.10

Solve the diffusion equation for its steady-state solution and relaxation rate.
Find the first and second moments and compare with the exact solution
obtained earlier.
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