Solutions to Practice Test 1

18.303 Linear Partial Differential Equations

Matthew J. Hancock

Fall 2006

1 Given

You may assume the eigenvalues of the Sturm-Liouville problem
X"+ 20X = 0, 0<z<l1
X0 =0 X(1)=0

are \, = n?r? and X,, (z) = sin (nz), for n = 1,2, ..., without derivation.

You may also assume the following orthogonality conditions for m, n positive integers:

/1 sin (mmzx) sin (nrx) de = { 1/2, m=n#0,
0

O? m # n.
1 o )
/ cos (mmx) cos (nwz) de = { /2, m=n#0,
’ 0, m # n.

2 Question

Consider the following heat problem in dimensionless variables

2

uy = um—i-%u—b, O<az<1, >0 (1)
u(0,t) = 0, u(l,t) =0, t>0 (2)
u(x,0) = wug 0<z<l1. (3)

(a) [3 points| Explain in terms of a heated rod precisely what the problem models math-

ematically.



Solution: The problem models heat transfer in a rod of (scaled) length 1, with thermal
diffusivity 1. The temperature is fixed at zero degrees at both ends and the rod is initially
at a constant temperature ug. Heat is absorbed througout the rod at a rate of b and pro-

duced/absorbed at a rate proportional to the current temperature (proportionality constant

1/4).

(b) [3 points] Derive the equilibrium solution

ort = 2 (1 () - ()

It is insufficient to simply verify that the solution works.

Solution: The equilibrium solution ug (x) satisfies

uy (z) + S (x) =10

ug (0) =0=ug (1)
The ODE has solution
4
up (x) = Acos (%) + Bsin (7r_2x> + —2
T

Imposing the BCs gives

ug (0) = A+4b/7? =0
ug (1) = B+4b/7* =0

Solving for A, B gives A = B = —4b/r?. Putting things together gives

o= 2 (1 () o (%)

(c) [3 points] Using ug (x), transform the given heat problem for u (x, t) into the following

problem for a function v (x,t):

2

vy = vm—k%v, 0<z<l, t>0 (4)
v(0,t) = 0, v(1,t) =0, t>0 (5)
v(z,0) = f(x) 0<z<l. (6)

where f (z) will be determined by the transformation.
Solution: We let
v(z,t) =u(z,t) —ug ()

2



u(z,t) =v(z,t) +ug ()

Then
" T . (TX
U = Uy, Ugs :Um+uE:vm+b<cos <—> + sin (—))

2 2
so that the PDE (1) for u (z,t) becomes

ofon(52) (25 + T+ T
vy Vg cos { S 5 Tust v
T
v —uv
T 4
Thus, the PDE becomes
2
UVt = Ugg + %U
The BCs (2) become
v(0,t) = u(0,t) —ug(0)=0—-0=0
v(l,t) = w(l,t)—ug(l)=0—-0=0

The IC (3) becomes
4D T . (T
v (z,0) =u(x,0) —up (x) = ug — — (1 — cos (7> — sin (7)>
We have shown that v (z,t) satisfies the PDE (4), BCs (5) and the IC (6) with
4D s . (TT
f(z) =up— = <1 — cos <7> — sin <7>> (7)

(d) [3 points] For an appropriate value of o show that the transformation w (z,t) =

e®v (z,t) further simplifies the problem to

Wy = Wy, 0<z<l, t>0 (8)
w(0,t) = 0, w(1,t) =0, t>0 (9)
w(z,0) = f(2) 0<z<l (10)

Solution: Letting w (z,t) = e*v (z,t), the BCs (5) and IC (6) become



To transform the PDE, note that v (x,t) = e~ *w (,t) and hence

vV = —ae TwHe T wy

Ugy = € Wy
so the PDE (4) for v (x,t) becomes

—ae MW + e My = e Mwy, + —e w

Multiplying by e* and rearranging gives

2
wt:wm—l—(a—l—z)w

Choosing o = —7%/4 yields

W = Wyy
with v (z,t) = €™ 4w (z,t). We have shown that w (z, t) satisfies the PDE (8), BCs (9) and
the IC (10) with f (z) given in (7).

(e) [8 points] Derive the solution

= =22 (2 (ug — 4b/7? 32b(2n — 1 Con 1122
w(:v,t):;wn(x,t):;;( ( 2n—1/ )+7r2(4n—<3)(4n>—1)>e( V™ tsin ((2n — 1) 7x)

and hence solve for u (z,t) = ug (x) + > -, Uy, (x,t) using the earlier transformations.
Solution: Note that the PDE (8), BCs (9) and the IC (10) are the basic heat problem

we considered in class. We derived the solution using separation of variables,

w(z,t) = Z B, sin (nmx) e (11)
n=1
where ) )
B, = 2/ w (x,0) sin (nmx) doe = 2/ f (z)sin (nmx) dz (12)
0 0
and f (x) is given in (7). Note that
/01 sin (nmx) de = % [— cos (nmx)];
1 1
= (1 cos(nm) = - (1 (~1)")



/ 1 (m;
cos [ —
0 2

/1 . <7r:c
Sin { —
0 2

) sin (nmz) dz

Thus (12) becomes

B,

) sin (nrz)dr =

1

/11 C (2n+1
— n
s 2 \° 2

. 2n —1
;1:> +sm< 5 m:)) dx

2

L 2
2 2n+1)m

1 1

1 [_ 2 cos (Mmc)

B 2 cos (Mmc)] '

2n—1)m

(2n+1)7r+(2n—1)7r

4dn
2n+1)2n—1)7

/1 1 on+1 N on—1 J
; 2 COS 2 T COS 2 T X

2

2

1 [_ 2sin (Mmc)

2 2n+1)m

2sin (2"717r:6) ] '
2n—1)7

_sin (Mw) sin (2”2—’17r)

2

C2n+1)7 2n—1)m
(=" -y

4n (—1)"
2n+1)2n—1)7

2 [ f(x)sin (nmz) da
(1= cos () —sin (7)) ) sin om) o
) <u0 _ i—Z;) /0 ' in (nma) i

0

! 4b
2/0 (uo—ﬁ

2 o
— cos
72 Jo 2

2 < b
s s

Ja- o

T

(2n—|—1)7r+(2n—1)7r

—) + sin (%)) sin (nmx) dz
16bn (1 — (—1)")

Substituting B,, into (11) gives

[e.9]

w(x,t)zz

m=1

2

™

(

2 (ug — 4b/7?)

m™2n+1)(2n—1)

32b(2m—1) n=2m —1 odd

(4m—1)(4m—3)mw2>

32b(2m — 1)

n even

2m —1

2 (4m — 1) (4m — 3)

5

) sin ((2m — 1) 7x) e~ (m—1)*n%



as required. The solution u (x,t) is given by reversing our transformations,

u(z,t) = e Y (x,t) +ug (z)

2 x 2 (2 (ug — 4b/7?) 32b (2m — 1) _ .
= ™ O 2m — 1 (2m—1)2n2t
I e = (e EXCR

+a (- () e ()

Aside (optional): a quick check of the above formula for w (z,t):

1. w(0,t) =0=w(l,t)

2. w(z,0) = fourier series of f (x)

3. Wy = Wy, since sin ((2m — 1) 7z) e~ @M=V’ gatisfies the PDE for all m.

(f) [4 points] Prove that the solution u (z,t) is unique. [Hint: first show that w (x,t) is

unique.

Solution: We follow the standard uniqueness proof we used in class and on the as-
signments. Suppose w; and ws both satisfy the PDE (8), BCs (9) and the IC (10). Then
h(xz,t) =w; (z,t) —wy (z,t) satisfies

hi = hgs, 0<z <1, t>0
h(0,t) = 0, h(Lt)=0, >0
h(xz,0) = 0 0<z<l.

Define )
H (t) :/ h* (x,t) dx
0

Differentiate in time,

dH

1 1
— = / 2hh,dx :/ 2hh . dx, by PDE

1
= 2 [hhx](l) — 2/ h2dwx, integrating by parts
0
1
= —2/ h2dz. applying the BCs
0

Thus dH/dt < 0. Now H (t) > 0 since the integrand is everywhere non-negative. Also,
H (0) = 0 since h (z,0) = 0 for all 2. Thus H (¢) is a non-negative non-increasing function
that starts at 0, and hence H (t) must be zero for all time ¢. This implies, since the integrand
h (x,t) is non-negative, that h (x,t) = 0 for all ¢t and x. Hence wy (x,t) = wq (z,t) and the

solution w (x,t) is unique.



Since u (x,t) is obtained from w (x,t) by the one-to-one transformation
u(z,t) =" Mw(z,t) + up (z)

then the solution u (x,t) is also unique.
(g) [6 points] Let uy = 4b/72. Show that

t>1/7°

U2 ("L‘7t> < 2_76—8
uy (x,t)| — 35

Hence show that
u(z,t) ~ ug (x) + Are > Y4 sin (1)

is a good approximation for t > 1/7%. Sketch u = ug and u = ug (z) for 0 < z < 1 and
comment on the physical significance of the sign of A;.

Solution: When uy = 4b/72, the solution u (z,t) becomes

i) = St 3 (1o () -0 ()

m=1

- 64b (2m — 1) : —[(@m—1)2x2—n2 /4]t
= 2::7r3(4m—1)(4m—3) sin ((2m — 1) 7zx) e [om-1) /4]

+oa (1o () - (7))

where
A 73 (4m — 1) (4m — 3)
Thus
64b 2 2
uy (x,t) = ﬁsin (rx) e /At
192b 2
up (z,t) = 33 sin (37x) e [on*—n?/]t
7r
Thus L
ug (x,t) _ 1920 sin (3mz) e[ /4t _ ge_gﬂ_zt sin (37x)
uy (z,t) S48 sin () el —m2/41t 35 sin (7)

and using |sinnmz| < n|sin7z| we have

u2 (‘T’t) S 2_76—87T2t S 6—87 t Z 1/7.‘_2
uy (z,1t) 35



Thus, the first term dominates the others for ¢ > 1/72, so that

u(z,t) ~ ug(x)+u(z,t)

4b 640
= = <1 — cos (%) — sin <%x>> ta3 sin () e 37 /4

is a good approximation for ¢t > 1/7%. Thus A; = 64b/ (373).

The sketch of u = up > 0 and u = ug () for 0 < x < 1 is shown below. We assume
that b is a source so that b > 0 and A; > 0. Thus, the rod cools down to the equilibrium
everywhere.
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