MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Problem Solving 1: Line Integrals and Surface Integrals

A. Line Integrals

The line integral of a scalar function f(x,y,z) along a path C is defined as

J. f(x,y,z)ds = hrn Zf(xl,yl,z)AS

Av—>Ol =1

where C has been subdivided into N segments, each with a length As;. To evaluate the line
integral, it is convenient to parameterize C in terms of the arc length parameter s. With x = x(s),
y=y(s) and z =z(s), the above line integral can be rewritten as an ordinary definite integral:

Jof Cezyds = [ fLx(s), (). 2(s))ds

Example 1:

As an example, let us consider the following integral
in two dimensions:

> <

(L,1)

I:.[C(x+y)ds

where C is a straight line from the origin to (1,1), as

shown in the figure. Let s be the arc length measured P (x , y)
from the origin. We then have

xzscos@z% 450
¢ > X
=gsinfd =—
g 72

The endpoint (1,1) corresponds to s = V2 . Thus, the line integral becomes

=] [ jds—fj sds = gﬁzﬁ

0
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PROBLEM 1: (Answer on the tear-sheet at the end!)

In this problem, we would like to integrate the same

function x+y as in Example 1, but along a different Y

curve C'=C, +C,, as shown in the figure. The integral A

can be divided into two parts: ® (] R ] )

1 =J-C,(x+y)ds :.[q (x+y)ds+-|-c2 (x+y)ds
A
(a) Evaluate /, = J.Cl (x+y)ds. C2
Cl
> > X

(b) Evaluate 7, = IC (x+y)ds.

(c) Now add up I, and 7, to obtain I'. Is the value of /' equal to /= V2 in Example 1 above?

What can you conclude about the value of a line integral? That is, is the integral independent of
the path you take to get from the beginning point to the end point?
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B. Line Integrals involving Vector Functions

For a vector function
F=Fi+F j+Fk

the line integral along a path C is given by

[Fds=| (Fi+Fj+Fk)(dxi+dyi+dzk)= [ Fdv+Fdy+F.de

where
ds=dxi+dyj+dzk

is the differential line element along C. If F represents a
force vector, then this line integral is the work done by the
force to move an object along the path.

PROBLEM 2: (Answer on the tear-sheet at the end!)

Let us evaluate the line integral of

F(x,y)=yi—xj

along the closed triangular path shown in the figure.
Again, we divide the path into three segments C,, C, and

(1,0)

Y
=

C,, and evaluate the contributions separately. We will do the integral along C, for you, as

follows. AlongC,, the value of y is fixed aty =0. With d's = dxi, we have

F(x,O)-d§=(—xj)~(dxi)=o

So the integral along C, is zero. Now you will evaluate the integral along C,. The value of x is

fixedatx=0, dS=dyj, and F(0,y)-ds=?

(a) Evaluate IC F-ds.
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Finally we calculate the contribution to the line integral from C,. To evaluate the integral, we

again parameterize x and y in terms of the arc length s, which we take to be the distance between
a point along C, and (1,0) . From the figure shown on the right,

we have )%

and a’x:—ﬁ and dy =—

V2 V2'

(b) With the information given above, evaluate I F-ds.

G

Fdx+Fdy="?

jci-dgzjczﬂdﬁgdy:?
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C. Surface Integrals
Double Integrals

A function F(x,y) of two variables can be integrated over a surface S, and the result is a double
integral:

([, Fx.yydd=[[ F(x,y)dxdy

where dA =dxdy is a (Cartesian) differential area element on S. In particular, when F(x,y)=1,
we obtain the area of the surface S:

A=”SdA=ﬁS dx dy

For example, the area of a rectangle of length a and

width b (see figure) is simply given by ! ﬂ::if dx dy
b
b o b o [T TR
= = Area of
A J.oj.odXdy IO(Ide)dy fﬁ.-D‘/ \“‘stripis
—["ady=a[ dy=ab - o
= [ adv=a| dy=a RRRRRNRRRRRRNRRRRANN
a X

Now suppose F(x,y)=o0(x,y), where o is the charge density (Coulomb/m?). Then the double
integral represents the total charge on the surface:

0= J-J.S o(x,y)dA= HS o(x,y)dxdy

On the other hand, if the surface is a circle, it would be more convenient to work in polar
coordinates.

Fde

[?rAl = rdf dr

dd,= 2m rdr

Fig. 12

The differential area element is given by (see figure above)
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dA=rdrd@

Integrating over » and @, the area of a circle of radius R is

2

A= jOR joz”rdedr _ j:( joz”de )rdr _ j: 2rrdr=2r -R? — 2R

as expected. If o(r,0) is the charge distribution on a circular plate, then the total charge on the
plate would be

0= _US o(r,0)dA= ”S o(r,0)rd0dr

Closed Surface

The surfaces we have discussed so far (rectangle and circle) are open surfaces. A closed surface
is a surface which completely encloses a volume. An example of a closed surface is a sphere. To
calculate the surface area of a sphere of radius R, it is convenient to use spherical coordinates.
The differential surface area element on the sphere is given by

- dA=R’sin0d6 d¢

Integrating over the polar angle (0< @< 7 ) and the
RsinBdd azimuthal angle (0 < ¢ <27), we obtain
N Ra® A={pda={pR sin0do dg
/ S N
B /s
) T, 2z
@ ) = R*[ sin0d6| " d¢
¢ \ﬁ: ~~d =47zR’
dq) \\ k-

Suppose charge is uniformly distributed on the surface of the sphere of radius R, then the total
charge on the surface is

0= @SadA =47R%c
S

where o is the charge density.
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PROBLEM 3: (Answer on the tear-sheet at the end!)
(a) Find the total charge Q on the rectangular surface of length a (x direction from x = 0 to x = a)

and width b (y direction from y = 0 to y = b), if the charge density is o(x,y) =kxy, where kis a
constant.

(b) Find the total charge on a circular plate of radius R if the charge distribution is
o(r,0)=kr(1-sin@).
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D. Surface Integrals involving Vector Functions

For a vector function F(x, y,z), the integral over a surface S is is given by
[ F-a = [ Faas=

where dA = dAh and h is a unit vector pointing in the normal direction of the surface. The dot
product F, = F-1i is the component of Fparallel to in. The above quantity is called “flux.” For

an electric field E , the electric flux through a surface is

©,=[[ E-hda=[[ E,da

As an example, consider a uniform electric field E = a i +bj which intersects a surface of area 4.
What is the electric flux through this area if the surface lies in the yz plane with normal in the

positive x direction? In this case, the normal vector is n =i, pointing in the +x direction. The
electric flux through this surface is

D, :E~A=(ai+bji)-Ai=aA

PROBLEM 4: (Answer on the tear-sheet at the end!)

(a) Consider a uniform electric field E = a i+ bj which intersects a surface of area 4. What is the

electric flux through this area if the surface lies (i) in the xz plane with normal in the positive y
direction? (i1) in the xy plane with the normal in the positive z direction?
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(b)A cylinder has base radius R and height 4 with its axis along the z-direction. A uniform field

E= on penetrates the cylinder. Determine the
electric flux _USE ‘ndA for the side of the //\z

cylinder with y > 0, where the area normal
points away from the interior of the cylinder.

Hints: If @1is the angle in the xy plane
measured from the x-axis toward the positive y-
axis, what is the differential area of the side of
the cylinder in term of R, dz, and d6?

What is the vector formula for the normal n to the side of the cylinder with y > 0, in terms of
0, i and j? Whatis E-A?
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
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Tear off this page and turn it in at the end of class !!!!
Note: Writing in the name of a student who is not present is a Committee on
Discipline offense.

Names

PROBLEM 1:

(a) 11=jc (x+y)ds=

(b) 1, :jc (x+y)ds=

) I'=1,+1,=

Is the value of /" equal to [ = V2 in Example 1 above? What can you conclude about the value
of a line integral? That is, is the integral independent of the path you take to get from the
beginning point to the end point?

PROBLEM 2:

(@) [ Fds=

(b) [ Fds-
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PROBLEM 3:

(a) Total charge Q =

(b) Total charge O =

PROBLEM 4:

(a) Consider a uniform electric field E = a i+ bj which intersects a surface of area 4. What is the
electric flux through this area if the surface lies

(1) in the xz plane?

(i1) in the xy plane?

(b)determine the electric flux HSE -ndA for the side of the cylinder with y > 0.

Friday 2/4/2005 Solving1-12




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice




