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LECTURE 11 Solution of dynamic response by mode
superposition

The basic idea of mode superposition
Derivation of decoupled equations
Solution with and without damping
Caughey and Rayleigh damping

Calculation of damping matrix for given
damping ratios

Selection of number of modal coordinates
Errors and use of static correction

Practical considerations

TEXTBOOK: Sections: 9.3.1, 9.3.2, 9.3.3
Examples: 9.6, 9.7, 9.8. 9.9, 9.10, 9.11
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Mode Superposition Analysis

Basic idea is:

transform dynamic equilibrium
equations into a more effective
form for solution,

using

Uu="r Xx(t)
nx1 nxn nx]

P = transformation matrix

X(t)=generalized displacements

Using

u(t) = P Xx(t) (9.30)

on

MU+CcU+KU=R (9.1)

we obtain

M K(t) + C K(t) + K X(t) = R(t)
(9.31)

where

M=pP MP ; C=P CP;

k=P kP ; R=PTR  (9.32)
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An effective transformation matrix P
is established using the displacement
solutions of the free vibration equili-
brium equations with damping

neglected,

Mi+kUu=0 (9.34)
Using

U=2¢ sinw(t-tg) (9.35)

we obtain the generalized eigenproblem,

Ko =wMé (9.36)

with the n eigensolutions (w? . 9_])

Qﬂ) , and

(U)g ’%)""’(wﬁ L]

(9.37)
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Defining
_w] T
w2
_ . 2 _ 2
9_[9]a$23---9 gln]a Q“
.2
| W
(9.39)
we can write
_ 2
Ke=MegQ (9.40)
and have
T 2 T

ol Ko=0" 5 e Mo=1 (9.41)

Now using

u(t) = @ x(t) (9.42)

we obtain equilibrium equations
that correspond to the modal
generalized displacements

R(t) + ol € o k() + a°X(t) = o R(t)

(9.43)
The initial conditions on X(t) are
obtained using (9.42) and the
M - orthonormality of ¢ ;i.e.,
at time 0 we have
% =o"n%; %-90"n%
(9.44)
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Analysis with Damping Neglected

X(t) + 22 X(t) = o' R(t)

(9.45)
i.e., n individual equations of
the form
X.(t) + wz.x.(t) = r.(t)
i i™i i
i=1,2,...,n
where
_ T
r'l(t) - 91 B(t)
(9.46)
with
x| = om%
Tli=0 i
(9.47)
% ‘ = om0
We=0 77 7

Using the Duhamel integral we have

t
x;(t) aLf ri(1) sinw,(t-)dt
1o (9.48)

+ 0. Si .t + R. .
ou1s1nw1t B1c05w1t

where o; and g, are determined

from the initial conditions in (9.47).
And then

1.x1-(t) (9.49)
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Dynamic load factor D

equation
%+ 28wk + wix = sinpt
static
/ response
P ————

Fig. 9.4. The dynamic load factor

Hence we use

- S

i=1

where
Py

The error can be measured using

CHIR(E) - (MUP(E) +k UP(D)) I,

eP(t
2 TRCOT,

(9.50)
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Static correction

Assume that we used p
modes to obtain UP , then let

Analysis with Damping Included

Recall, we have

f(t) + o Cok(t) + 2®x(t) = o R(t)
(9.43)

If the damping is proportional

O Ch. = 2w, Es S (9.51)
) iz 7] :

and we have

Ko () + 2w, £, ko (£) + wlxs () = v (t)
i i=i 7 i i
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A damping matrix that satisfies the
relation in (9.51) is obtained using
the Caughey series,

p-1
c=M) am' k¥ (9.56)

k=0

where the coefficients a, , k=1,...,p,
are calculated from the p simultane-
ous equations

a
g. = l<—0+ aqws * azw? + .

i 2\w, i
2 p-3
T Apa1Y )

3
(9.57)

A special case is Rayleigh damping,

C=aM+ BK (9.55)

example:

Assume E;]=0.02 ; £2=0.10

w1=2 w2=3

calculate o and g

We use

of(aM+ 8K) g = 20, ¢
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Using this relation for wy > €1 and
Wy gz , we obtain two equations

for oo and B :
a + 48 = 0.08

a + 98 = 0.60

The solutionis o = -0.336
and 8 = 0.104 . Thus the
damping matrix to be used is

C=-0.336M + 0.104 K

Note that since

2 _
o + Bwi "2‘”151

for any i, we have, once o and
R have been established,

2
oc+8w,i

g. = —_—
1 2w1.
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Response solution

As in the case of no damping.
we solve P equations

.+ LEL X WL Xe =T
X] 2w1 €1 X'l 'lx1 1

with
_ T
r] _g-lﬂ
T, 0
. T 0.
X1~t=0:91M u
and then
b p
y —EQ1X1(t)
i=1

Practical considerations

mode superposition analysis
is effective

- when the response lies in a
few modes only, p << N

- when the response is to be
obtained over many time in-
tervals {or the modal response
can be obtained in closed form).

e.g. earthquake engineering
vibration excitation

- it may be important to
calculate Ep( t) orthe
static correction.
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