LECTURE 6: Variance; Conditioning on an event; Multiple random variables
e Variance and its properties

— Variance of the Bernoulli and uniform PMFs

e Conditioning a r.v. on an event

— Conditional PMF, mean, variance

— Total expectation theorem

e Geometric PMF
— Memorylessness
— Mean value

e Multiple random variables
— Joint and marginal PMFs
— EXxpected value rule
— Linearity of expectations

e¢ [he mean of the binomial PMF



Variance — a measure of the spread of a PMF

e Random variable X, with mean u = E[X] ’ ’ |
v LL l =9
e Distance from the mean: X — u T
po— %
e Average distance from the mean? X~pM

ELx-pl €L -p 2p-p =0
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[- Definition of variance: var(X) = E[(X — u)?] J 20

e Calculation, using the expected value rule, E[g(X)] = Zg(:ﬂ)px(m)

‘3(’3—)=(¢-,U) var(X) = E[?’(?()] Z (% - ’u)i Px(it.)

[ Standard deviation: oy = \/var(X)_]




Properties of the variance )
veal (} —Y x

e Notation: p = E[X] [ var(aX +b) = a?var(X) ] - ('-ui),' vat(a)
= )6 Fﬂ"(ﬁ)

o Let Y =X +5b v:g[v]:rJn-b

var(n = g[ (¥-»)*] - g[(x-:—}{ - (y+}(’))2’]:5[(X-ﬂ)1]=var(?f)
e Let Y =aX V"ED’J‘-‘-@V z_
var (¥) = E[(qx__ QV),J __E'[ai (X——f/)ﬂj; aigi‘(ﬁ—yﬂ]:a vaz(x)

[ A useful formula: var(X) = E[XQ] — (E[X])2 ]
va(N) = E[(x-p)*] = E] x*- 2y K+[ o
elxt) - LuElx) +pt cgfxt] - (ELxD)*




variance of the Bernoulli Jar §
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var(X) = 3 (z — E[X])?px (2)

var(X)=E[X2]—(E[X])2 — E[?r] ~ LB Ex})z - P..PQ ___}—P—(:Pﬂ
Xt = X :




Variance of the uniform
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Conditional PMF and expectation, given an event

e Condition on an event A = use conditional probabilities

OS55uwme
px(a) = P(X = z) pxialz) = P(X =z | 4) P (A)>0
ZP.X(‘T) =1 ZPA'L_;(:I?) = 1
E[X] = Zmpx(m) E[X | A] = Z:-TFMA(‘L')

E[g(X)] =Y g(z) px(z) E[g(X) | Al =) _g(z) pxa(z)
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Example of conditioning

px(x) 4

| /y ‘
1

px|a(z)

1/3

o Let A= {X >2)

—

E[X | A= 3

2
var(X | A) = -3'— (4-~3) *—,I}- (2 -3)1
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Total expectation theorem

A A1NB
; P(B) = P(A1)P(B | A1) + - + P(4n) P(B | An)
B = g}( ‘-"?.'.'.2
A2<A2ﬂ5
AzNB

A3



Total expectation theorem

Ay e P(B) = P(A1) P(B| A1) + - + P(An) P(B | An)
AE<A2“{X:I} B=§x=x2
px(z) = P(AI)P)qu(m) Ly P(An)if?xmﬂ_(iﬂ)
" Az Ni{X = =} _E_Or ﬁ.?a .
?—x?ﬁ(?‘:) - _E(;a ) Z-%F ]ﬁ_,(;t) } o oo

E[X | A4] I

EL' x| 1A,
P(42) px | 4, ELx)A ]

\ [E[X] = P(A) E[X | A1) + - + P(4n) E[X | An]]
Plds) . gix| 431




Total expectation example
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Conditioning a geometric random variable

e X: number of independent coin tosses until first head; P(H) = p

px (k) = (1 —p)*1p,

px (k)
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Memorylessness:

Number of remaining coin tosses,
conditioned on Tails in the first toss,

IS Geometric, with parameter p

[Conditioned on X >1, X —1 is geometric with parameater p]
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Conditioning a geometric random variable

e X: number of independent coin tosses until first head; P(H) = p

¢ iy
Memorylessness:

Number of remaining coin tosses,
conditioned on Tails in the first toss,

| I | iIs Geometric, with parameter p

px (k) = (1 —p)*1p, k=1,2,...

px (k) 4

1 1 . . ~ S
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[Conditioned on X >1, X —1 is geometric with parameter p]
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Conditioning a geometric random variable

e X: number of independent coin tosses until first head; P(H) = p

¢ iy
Memorylessness:

Number of remaining coin tosses,
conditioned on Tails in the first toss,

| I | iIs Geometric, with parameter p

px (k) = (1 —p)*1p, k=1,2,...

px (k) 4

1 1 . . ~ S
1 2 3 4 5 6 7 8 9 1

[Conditioned on X >n, X —n is geometric with parameter p]
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T he mean of the geometric

P

px (k)

EIX]= 3 kpx(k) = 3 k(1 —p)t~1p
k=1 =]
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Multiple random variables and joint PMFs

y | 3
Px'f (1,3) = '2“5 ;;P}{,Y(ma’y)=1
P (y) ﬂ___,_ 2 px(z) =) pxy(z,y)
X Yy

- py(y) =) pxy(z,y)
X P (2) e - -L T
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More than two random variables

[PX,Y,Z(S'J:%E) =P(X =2z and Y =9 and Z = z)]

>3 ) pxvz(z,yz)=1
z Y

<

px(z) =) ) pxyz(z,y,z)
- Yy > F e
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pX,Y(mﬂ y) = ZPX,Y,Z(:Ea y?f)
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Functions of multiple random variables

Z =g(X,Y)

PMF: pz(z)zP(Z=z)=P(g(X,y)=§) o~ Z PMY (%.7)
(‘x.r 7): ?’(xj)'): &

[ Expected value rule: E[g(X,Y)] =Y ) w(z,y) pxy(z, y)]

E[g(x)




Linearity of €Xpectations
ElaX 4 p) = aE[X] + b

ElX + Y] = B[x] + E[Y]

e[x+v]= ELg(r, 0]

(5,(1,,7)-‘:7‘:*7)
2’ z (x+y) )9)(),,, (x,7)

Z"§ };#(’k?)r??ya} (%, )
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Linearity of expectations

E[aX + b] = aE[X] + b

E[X + Y] = E[X] + E[Y]

[E[}ﬁ b Xn] = E[X1] 4+ E[Xn]]

Eex+3v-2z]= ELAx]vrE[av]-E[2]=2E[x] w22 y]-El2]



T he mean of the binomial

e X: binomial with parameters n, p A n _
E(X]= 3 k(,)p*(1-p)" *'fl
k=0

| -
B

oLk
_f [ B1x) =

(indicator variable)

— number of successes in n independent trials

X, =1 if ¢th trial is a success;
X; =0 otherwise —_ , _ p

X=X+ -+ Xn

E[X] = E[KJ $8 o +E_[2(MJ __.._MP

P P
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